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A POROUS MEDIA FRACTURE MODEL BASED ON
HOMOGENIZATION THEORY
J. GALVIS AND H. M. VERSIEUX
Abstract. A regularized fracture model for porous media is proposed. Our
model is obtained through homogenization theory and formal asymptotic ex-
pansions applied to a regularized brittle fracture model considering a perfo-
rated material.
1. Introduction
The study of crack propagation models has received considerable attention from
the scientific community recently. For instance, a considerable effort has been done
in the Francfort and Marigo [11] model for quasi-static brittle fracture evolution;
see for example [7, 5, 10, 6] and references therein. These studies have focused on
a fracture propagating on a given material subject to loads or prescribed boundary
conditions displacements. To the best of our knowledge, the modeling of fracture
propagation models on a porous a media subject to loads or prescribed boundary
conditions displacements have not received considerable attention. For instance,
one of the few references found by the authors in this subject is the work [9],
where the homogenization of a sharp interface fracture model applied to perforated
domains is studied in the context of Γ-convergence. The understanding of fracture
propagation in porous media has important applications in the oil and gas industry.
In this work we study through formal asymptotic expansions the homogenization
of a regularized fracture model. This regularized quasi static model was obtained
in [14] in the limit of vanishing viscosity and inertia terms of a dynamic fracture
model proposed by Bourdin, Larsen and Richardson [1]. This model is similar to
the regularized version of the Francfort and Marigo model proposed in [3]. The
difference between these two models concern the minimality condition imposed on
the problem, while the regularized Francfort and Marigo model uses a global mini-
mality condition ( see condition (c˜) in section 2 below) the regularized model from
[14] has a separate minimality condition ( see condition (c) in section 2 below).
We observe that in general the numerical approximations of the regularized Franc-
fort and Marigo model correspond to approximations of the model satisfying the
separate minimality condition; see [14] for more details.
To obtain our porous media fracture model, we consider the regularized fracture
model from [14] applied to a perforated periodic material. We assume that the
periodic material is represented by a domain Ωǫ given by the periodic extension of
a scaled set ǫY over Rd contained in a open fixed domain Ω ⊂ Rd. Here Y is a
reference domain containing holes and ǫ > 0 is the scaling parameter. Our model
1991 Mathematics Subject Classification. 74R10, 74R15,
Key words and phrases. Quasi-static fracture model; asymptotic expansions; homogenization
theory.
1
2 J. GALVIS AND H. M. VERSIEUX
is obtained in the limit ǫ→ 0 of the solutions of the brittle fracture model applied
in the domain Ωǫ. We employ asymptotic expansions and formal calculations to
derive our model. The advantage of working with asymptotic expansions is that
it allows us to obtain a complete characterization of the homogenized problem in
terms of the local problems associated with the micro-structure geometry. Similar
strategy has been previously used to derive other porous media models such as the
D’Arcy law; see for instance [13] and references therein.
Finally, we introduce some notation used in our work. We use 〈·, ·〉 to denote
the L2(Ω) (or L2(Ω)n) inner product or the pairing between H10 (Ω) and H
−1(Ω).
We denote the L2(Ω) norm by ‖ · ‖, and the W k,p(Ω) norm (seminorm) by ‖ · ‖k,p
(| · |k,p). Also, in the case p = 2 we use the notation ‖ · ‖k (| · |k) for the H
k(Ω)
norms (seminorms). The spaces Lp(0, T ;H1(Ω)) are denoted Lp(0, T ;H1) with
similar notation for other cases of spaces of functions of time and space variable.
The subindex ǫ represents a sequence (or a subsequence) {ǫj} converging to zero.
We denote a generic constant independent of ǫ by c.
2. Regularized brittle fracture propagation model
We now present the regularized quasi-static fracture model considered in this
work. It was obtained in [14] in the limit of vanishing viscosity and inertia terms
of a dynamic fracture model proposed by Bourdin, Larsen and Richardson [1]. We
consider the antiplane case, and assume the displacement of a given material is
represented by a function u(t) : Ω→ R, satisfying a prescribed boundary condition
u(t)|∂Ω = g(t). Here Ω ⊂ R
2 is a bounded open set with Lipschitz continuous
boundary.
First, we define the following functionals
(1) E(u, v) =
1
2
∫
Ω
(v2 + ηγ)|∇u|
2dx and H(v) =
∫
Ω
1
4γ
(1− v)2 + γ|∇v|2dx
and the total energy as
(2) Eγ(u, v) = E(u, v) +H(v).
Here v is a function satisfying 0 ≤ v ≤ 1, and 0 < ηγ ≪ γ are the parameters of
the Ambrosio-Tortorelli approximation Eγ(u, u) of the functional E(u) defined in
[11], in the sense that, Eγ , Γ-converges to E when γ → 0; see [12, 8, 4].
The model is given by functions s 7→ u(s), v(s) such that for every s ∈ [0, 1] we
have
(a): u(s) = g(s) on ∂Ω and 0 ≤ v ≤ 1;
(b): for all 0 ≤ s′ ≤ s ≤ 1 we have v(s) ≤ v(s′);
(c): for s ∈ [0, 1]
E(u(s), v(s)) +H(v(s)) = inf
0≤z≤v(s)
E(u(s), z) +H(z),
and
E(u(s), v(s)) +H(v(s)) = inf
φ−g(s)∈H1
0
(Ω)
E(φ, v(s)) +H(v(s)).
(d): the function E(u(s), v(s))+H(v(s)) is absolutely continuous for s ∈ [0, 1],
and
E(u(s), v(s)) +H(v(s)) = E(u(0), v(0)) +H(v(0)) +
∫ s
0
〈(ηγ + v
2)∇u,∇gs〉dτ
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(e): there exists a constant c > 0 such that E(u(s), v(s)) + H(v(s)) ≤ c for
s ∈ [0, 1].
We observe that this model is considerably similar to the regularized Francfort &
Marigo model introduced in [2]. More precisely, rather than the separate minimality
condition (c) the later model uses the global minimality condition
(c˜): for all (u˜, v˜) ∈ H1(Ω)×H1(Ω) with u˜ = g(s) , v˜ = 1 on ∂Ω and 0 ≤ v˜ ≤
v(s) we have
E(u(s), v(s)) +H(v(s)) ≤ E(u˜, v˜) +H(v˜)
3. Asymptotic expansion
Let B represent a closed ball of radius r centered at (1/2, ..., 1/2) such that
B ⊂ (0, 1)d and Ω ⊂ Rd be an open set. Let Y = (0, 1)d \ B and Γ = ∂Y ∩ ∂B.
Also, define Ωǫ as the region obtained by the periodic extension of the rescaled
domain ǫY over Rd that is contained by Ω.
We set uǫ and vǫ as the solution of the model described in section 2 applied to
the domain Ωǫ considering that the boundary condition from item (a) is applied in
∂Ω ∩ ∂Ωǫ and we impose the following boundary conditions on Γǫ = ∂Ωǫ \ ∂Ω,
(3) ~n · ∇uǫ = 0 and ~n · ∇vǫ = 0 at Γǫ
where ~n denotes the normal on Γǫ exterior to Ωǫ. From definition of subdiferential
we see that
E(u,w) +H(w) − E(u, v)−H(v) = ∂v(E(u, v) +H(v))(w − v).
Hence, the first minimality condition in (c˜) implies,
(4) ∂v(E(u, v) +H(v)) ≤ 0.
Computing the subdiferential applied to a function φ gives,
(5)
d
dζ
1
2
∫
Ω
((v + ζφ)2 + ηγ)|∇u|
2dx+
∫
Ω
1
4γ
(1 − (v + ζφ))2 + γ|∇(v + ζφ)|2dx
=
∫
Ω
(v + ζφ)φ|∇u|2dx+
∫
Ω
−1
2γ
(1− (v + ζφ))φ + γ2(ζ|∇φ|2 +∇v · ∇φ)dx|ζ=0
and by taking ζ = 0 yields∫
Ω
vφ|∇u|2dx +
∫
Ω
−1
2γ
(1− v)φ + γ2∇v · ∇φdx ≤ 0.
Integrating by parts the last term we obtain
(6) −∆v ≤ v|∇u|2 +
1
2γ
(1 − v).
We now use the anzatz
uǫ = u0(x, y) + ǫu1(x, y) + ǫ
2u2(x, y) + ... and(7)
vǫ = v0(x, y) + ǫv1(x, y) + ǫ
2v2(x, y) + ....
where for each x ∈ Ω the functions ui(x, ·) and vi(x, ·) (i ∈ {0, 1, 2...}) are Y -
periodic. It is instructive to consider the asymptotic expansion in (6) to see the
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consequence of the minimality condition in (c) yielding an asymptotic expansion
inequality of the form,
(8) − (∇x +
1
ǫ
∇y) · (∇x +
1
ǫ
∇y)(v0 + ǫv1 + ǫ
2v2 + ...) ≤
(v0 + ǫv1 + ǫ
2v2 + ...)(|∇(u0 + ǫu1 + ǫ
2u2 + ...)|
2)
−
1
4γ
(1− v0 − ǫv1 − ǫ
2v2...)
We then can compute expansions for each of the terms above. Staring on the
right hand side we see that,
(9) |∇uǫ|
2 = |∇(u0 + ǫu1 + ǫ
2u2 + ...)|
2
=
1
ǫ2
|∇yu0|
2 +
2
ǫ
〈∇yu0,∇xu0〉
+ |∇xu0|
2 + 2〈∇yu1,∇xu0〉+ 〈∇yu1,∇yu1〉+ 〈∇yu0,∇xu1〉+ 〈∇yu0,∇yu2〉
+ ǫ
[
2〈∇xu1,∇xu0〉+ 〈∇xu1,∇yu1〉+ 〈∇xu0,∇yu2〉+ 〈∇yu0,∇xu2〉
]
+ ...
and therefore,
(10) vǫ|∇uǫ|
2 =
1
ǫ2
v0|∇yu0|
2 +
1
ǫ
[
2v1|∇yu0|
2 + v0〈∇yu0,∇xu0〉
]
+ v0
[
|∇xu0|
2 + 2〈∇yu1,∇xu0〉+ 〈∇yu1,∇yu1〉+ 〈∇yu0,∇xu1〉+ 〈∇yu0,∇yu2〉
]
+ 2v1〈∇yu0,∇xu0〉+ ǫv3|∇yu0|
2+
ǫ
{
2v2〈∇yu0,∇xu0〉+2v0 [〈∇xu1,∇xu0〉+ 〈∇xu1,∇yu1〉+ 〈∇xu0,∇yu2〉+ 〈∇yu0,∇xu2〉] +
+ v1 [2〈∇yu1,∇xu0〉+ 〈∇yu1,∇yu1〉+ 〈∇yu0,∇xu1〉+ 〈∇yu0,∇yu2〉]
}
+ ...
Additionally, for the left hand side of (8) we observe that
(11) ∆vǫ = (∇x +
1
ǫ
∇y) · (∇x +
1
ǫ
∇y)(v0 + ǫv1 + ǫ
2v2 + ...)
=
1
ǫ2
∆yv0 +
1
ǫ
(
2∇x · ∇yv0 +∆yv1
)
+∆xv0 +∆yv2 + 2∇x · ∇yv0+
+ ǫ (∆xv1 +∆yv3) + . . . .
We can now use (9), (10) and (11) into (8) to get an asymptotic expansion
inequality. Relation (8) is an inequality so we are not allowed to simply match
the terms with same order with respect to ǫ in this case. We complement the
information in (8) by studying the conservation of energy relation. In order to
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bring the conservation of energy relation we observe that
(12) E(uǫ, vǫ) =
1
2
∫
Ωǫ
((v0 + ǫv1 + ...)
2 + ηγ)|∇(u0 + ǫu1 + ǫ
2u2)|
2dx
=
1
2
∫
Ωǫ
((v20 + ǫ2v0v1 + 2ǫ
2v0v2 + ǫ
2v21 + ...) + ηγ)|∇(u0 + ǫu1 + ǫ
2u2)|
2dx
=
∫
Ωǫ
v20
1
ǫ2
|∇yu0|
2 + v20
2
ǫ
〈∇yu0,∇xu0〉+ 2v0v1
1
ǫ
|∇yu0|
2
+(v20+η) [2〈∇yu1,∇xu0〉+∇xu0 · ∇xu0 + 〈∇yu1,∇yu1〉+ 〈∇yu0,∇xu1〉+ 〈∇yu0,∇yu2〉]
+ ǫ2v0v1 [2〈∇yu1,∇xu0〉+ 〈∇yu1,∇yu1〉+ 〈∇yu0,∇xu1〉+ 〈∇yu0,∇yu2〉] + ...
The second minimality condition in (c) yields the following equation
(13) ∇ · [(v2ǫ + ηγ)∇uǫ] =
(∇x+
1
ǫ
∇y)·
[
((v20 + ǫ2v0v1 + 2ǫ
2v0v2 + ǫ
2v21 + ...) + ηγ)(∇x +
1
ǫ
∇y)(u0 + ǫu1 + ...)
]
= 0
Finally, we observe that
(14)
H(vǫ) =
∫
Ωǫ
1
4γ
(1−v0−ǫv1−ǫ
2v2−...)
2+γ
∣∣∣∣(∇x + 1ǫ∇y)(v0 + ǫv1 + ǫ2v2 + ...)
∣∣∣∣
2
dx
=
∫
Ωǫ
1
4γ
(1 + v20 − 2v0 − ǫ2v1 + ǫ2v1v0 + ǫ
2v1 + 2ǫ
22v2v0 − ǫ
2v2...)
+
γ
ǫ2
|∇yv0|
2 +
2
ǫ
〈∇yv0,∇xv0〉+ |∇xv0|
2 + |∇yv1|
2 + 2〈∇yv1,∇xv0〉+ ...dx
(15)∫ s
0
〈(ηγ+v
2)∇u,∇gτ 〉dτ =
∫ s
0
〈((v0+ǫv1+ǫ
2v2+...)
2+ηγ)∇(u0+ǫu1+ǫ
2u2−...),∇gs〉dτ
∫ s
0
〈((v20+ǫ2v0v1+ǫ
2(2v0v2+v
2
1)...)+γ)
(
1
ǫ
∇yu0 +∇xu0 +∇yu1 + ǫ∇xu1 + ǫ∇yu2 + ...
)
,∇gs〉dτ
∫ s
0
1
ǫ
〈(v20+γ)∇yu0,∇gs〉+〈(v
2
0+γ)(∇xu0+∇yu1)+2v0v1∇yu0,∇gs〉+〈2v0v1∇yu0,∇gs〉
+ǫ〈2v0v1∇xu0+∇yu1,∇gs〉+ǫ〈(v
2
0+γ)∇xu1+∇yu2,∇gs〉+ǫ〈(2v0v2+v
2
1)∇yu0,∇gs〉
+ ǫ〈(2v0v2 + v
2
1)∇yu0,∇gs〉
We now match the terms with same order with respect to ǫ in the conservation
of energy relation and equation (13).
The term of order ǫ−2 in the conservation of energy relation yields
(16)
∫
Ωǫ
|∇yv0(S)|
2 dx =
∫
Ωǫ
|∇yv0(0)|
2 dx
From the irreversibility condition (a) v is a decreasing function with respect to
time, also 0 ≤ v0 ≤ 1 and we expect v to be close to one in most of the domain Ωǫ.
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As a consequence, we choose v0 independent of y
(17) ∇yv0 = 0.
From the term with order ǫ−2 in equation (13) we have
∇y · (v
2
0 + ηγ)∇yu0 = 0.
Since v0 is independent of y, ηγ > 0, and u0 is Y -periodic with respect to y we
conclude that u0 is also independent of y
(18) ∇yu0 = 0.
Multiplying inequality (8) by ǫ2, taking ǫ→ 0 and using (9), (10) , (11), the last
equation and (17), we obtain
−∆yv0 ≤ 0
We observe that this relation is satisfied since we already obtained that v0 is inde-
pendent of y; see (17).
The term of order ǫ−1 in the conservation of energy relation is
(19)
∫
Ωǫ
2〈∇yv0(S),∇xv0(S)〉 dx =
∫
Ωǫ
2〈∇yv0(0),∇xv0(0)〉 dx
which is satisfied due to (17).
Since ∇yv0 = 0 and ∇yu0 = 0 the term of order ǫ
−2 in inequality (8) is zero.
Hence, we can take ǫ→ 0 on both sides of (8) to obtain
−∆yv1 ≤ 0 for y ∈ Y
Next, we observe that if −∆yv1 < 0 for some x ∈ Ω by taking the limit ǫ → 0 in
the asymptotic expansion (8) we are not able to conclude any information about
the zero order term with respect to ǫ. Since we want to obtain a model based on
the limit of asymptotic expansion we impose the more restrictive condition
(20) −∆yv1 = 0 for y ∈ Y.
In this case the term of order ǫ−1 in (8) is zero. Recalling that the term of order
ǫ−2 is also zero, we can take the limit ǫ→ 0 in inequality (8) to conclude from the
zero order term that
(21) −∆xv0 −∆yv2 −∇y · ∇xv1 −∇x · ∇yv1 ≤ v0(|∇xu0|
2
+ 2〈∇yu1,∇xu0〉+ |∇yu1|
2)−
1
2γ
(1 − v0)
Matching the terms of order ǫ−1 and ǫ0 in equation (13) we obtain, respectively,
the following identities.
(22) ∇y · (v
2
0 + ηγ)∇xu0 +∇y · (v
2
0 + ηγ)∇yu1 = 0 for y ∈ Y
and
(23) ∇y · (v
2
0 + ηγ)∇yu2 +∇x · (v
2
0 + ηγ)∇xu0 +∇x · (v
2
0 + ηγ)∇yu1
+∇y · (v
2
0 + ηγ)∇xu1 +∇y · 2v0v1∇xu0 +∇y · 2v0v1∇yu1 = 0 in Y.
Since u0 and v0 are independent of y, see (18) and (17), equation (22) can be
rewritten as
(24) ∆yu1 = 0 for y ∈ Y.
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From the boundary conditions at Γǫ (3) we conclude that[
∇x +
1
ǫ
(∇yu0 + ǫu1 + · · ·)
]
· η = 0
From the terms of order ǫ0 and ǫ1 we obtain
(25) ∇xu0 +∇yu1 = 0 and ∇xu1 +∇yu2 = 0 on Γ
and
(26) ∇xv0 +∇yv1 = 0 and ∇xv1 +∇yv2 = 0 on Γ
respectively.
We now proceed following the standard asymptotic expansion calculations for the
homogenization of a second order elliptic equation to handle equations (24)-(23).
We start with problems (20)-(21). we introduce the cell problems
(27) −∆yzi = 0, ν · ∇yzi = ν · ei on Γ and zi is Y -periodic
and we write
(28) v1(x, y) =
∑
i
zi∂xiv0 + v˜1(x).
In order to treat (21) we use the Y -periodicity of v1, u1, and v2 to obtain∫
Y
∆yv2 =
∫
Y
∇yv2 · η dσ +
∫
Γ
∇yv2 · η dσ =
∫
Γ
∇yv2 · η dσ
and ∫
Y
∇y · (∇xv1) =
∫
Y
∇xv1 · η dσ +
∫
Γ
∇xv1 · η dσ =
∫
Γ
∇xv1 · η dσ
∫
Y
∇yu1 · ∇xu0 =
∫
Y
∇y · u1∇xu0 dσ = 0
We also observe that
(29)
∫
Y
|∇yu1|
2 dy =
∫
Y
|
∑
i
∇yzi∂xiu0|
2 dy =
∫
Y
|JyZ
t∇xu0|
2 dy
= ∇xu
t
0
∫
Y
JyZJyZ
t dy ∇xu0
Here JyZ represents the Jacobian with respect to the y variable of the function
Z(y) = (z1(y), ..., zn(y))
t. Integrating in both sides of inequality (21) with respect
to y over Y and using the last three identities we obtain
(30) −∆xv0|Y | −
∫
Γ
∇yv2 · η dσ −
∫
Γ
∇xv1 · η dσ −
∫
Y
∇x ·
∑
∇yzi∂xiv0 dy
≤ v0|∇xu0|
2|Y | −
1
2γ
(1− v0)|Y |+ v0
∫
Y
|
∑
i
∇yzi∂xiu0|
2 dy.
From (26) we obtain
(31) −
∫
Γ
∇yv2 · η dσ −
∫
Γ
∇xv1 · η dσ = 0
We define the matrices
(32) JyZt =
1
|Y |
∫
Y
JyZ
t dy and JyZJyZt =
1
|Y |
∫
Y
JyZJyZ
t dy
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and
(33) Z0 =
[
I + JyZt
]
and W0 =
[
I + JyZJyZt
]
where I is the identity matrix. Therefore, (21) yields
(34) −∇x · Z0∇xv0 ≤ v0∇xu
t
0W0∇xu0 −
1
2γ
(1− v0)
Problems (24) and (23) are treated in a similar way. We write
(35) u1(x, y) =
∑
i
zi∂xiu0 + u˜1(x).
Integrating both sides of (23) with respect to y over Y we obtain
(36)
(v20+ηγ)
∫
Y
∇y·(∇yu2+∇xu1) dy+|Y |∇x·(v
2
0+ηγ)∇xu0+
∫
Y
∇x·(v
2
0+ηγ)∇yu1 dy
+
∫
Y
∇y · 2v0v1∇xu0 dy +
∫
Y
∇y · 2v0v1∇yu1 dy = 0
∫
Y
∇y ·(∇yu2+∇xu1) dy =
∫
∂Y
η ·(∇yu2+∇xu1) dσ+
∫
Γ
η ·(∇yu2+∇xu1) dσ = 0,
where we used the Y-periodicity of the functions u1 and u2, and (25) to obtain the
last identity. Similarly, we also have
(37)
∫
Y
∇y · 2v0v1∇xu0 dy +
∫
Y
∇y · 2v0v1∇yu1 dy =∫
∂Y
η · 2v0v1(∇xu0 +∇yu1) dσ +
∫
Γ
η · 2v0v1(∇xu0 +∇yu1) dσ = 0
Therefore, we obtain from (35)
|Y |∇x · (v
2
0 + ηγ)∇xu0 +
∫
Y
∇x · (v
2
0 + ηγ)(
∑
i
∇yzi∂xiu0) dy = 0.
Therefore, from the definition of the matrix Z0 (33) we have
(38) ∇x · (v
2
0 + ηγ)Z0∇xu0 = 0 in Ω and u0 = g on ∂Ω
From the term of order ǫ0 in the conservation of energy relation we obtain
(39)
∫
Ω
(v20 + η) [2∇yu1 · ∇xu0 +∇yu1 · ∇yu1 +∇xu0 · ∇xu0] dx
+
∫
Ω
1
4γ
(1−v0)
2+γ|∇xv0|
2+γ|∇yv1|
2+γ2∇yv1·∇xv0dx =
∫ s
0
〈(v20+γ)(∇xu0+∇yu1),∇gs〉∫
Ω
(v20 + η) [2∇yu1 · ∇xu0 +∇yu1 · ∇yu1 +∇xu0 · ∇xu0] dx
+
∫
Ω
1
4γ
(1− v0)
2 + γ|∇xv0|
2 + γ|∇yv1|
2 + γ2∇yv1 · ∇xu0dx
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and using definitions (35) and (28) we have
(40)
∫
Ω
(v20 + η)
[
2∇yzi∂xiu0 · ∇xu0 +∇yzi∂xiu0 · ∇yzi∂xiu0 + |∇xu0|
2
]
dx
+
∫
Ω
1
4γ
(1−v0)
2+γ|∇xv0|
2+γ|∇yzi∂xiv0|
2+γ2∇yzi∂xiv0·∇xv0 dx =
∫ s
0
〈(v20+γ)(∇xu0+∇yzi∂xiu0),∇gs〉∫
Ω
(v20 + η)
[
2∇yzi∂xiu0 · ∇xu0 +∇yzi∂xiu0 · ∇yzi∂xiu0 + |∇xu0|
2
]
dx
+
∫
Ω
1
4γ
(1− v0)
2 + γ|∇xv0|
2 + γ|∇yzi∂xiv0|
2 + γ2∇yzi∂xiv0 · ∇xv0 dx
The cell functions are periodic and assuming they are“smooth”, in the limit ǫ→ 0
we expect that
∂yjzi(x/ǫ) ⇀
1
|Y |
∫
Y
∂yjzi(y) dy and ∂yjzi(x/ǫ)∂ykzl(x/ǫ) ⇀
1
|Y |
∫
Y
∂yjzi(y)∂ykzl(y) dy
weakly-∗ in L∞. Therefore, in the limit ǫ→ 0
(41)
∫
Ω
(v20(s) + η) [Z0∇xu0(s) · Z0∇xu0(s)] dx
+
∫
Ω
1
4γ
(1 − v0(s))
2 + γZ0∇xv0(s) · Z0∇xv0(s)dx =
∫ s
0
〈(v20 + γ)Z0∇xu0,∇gs〉 dτ∫
Ω
(v20(0) + η) [Z0∇xu0(0) · Z0∇xu0(0)] dx
+
∫
Ω
1
4γ
(1 − v0(0))
2 + γZ0∇xv0(0) · Z0∇xv0(0)dx
where we have used (33). Hence the homogenized model is given by (34), (38), and
the last conservation of energy identity.
4. Conclusions
Using homogenization theory and formal asymptotic expansions applied to a
regularized brittle fracture model, we were able to obtain a homogenized regularized
fracture model for a homogeneous porous media. The homogenized model is given
by (34) and (38). We believe this is a novel proposal for fracture modeling in porous
media. The theoretical and numerical analysis, as well as modeling suitableness,
associate to (34) and (38) is under research and will be presented elsewhere in future
works.
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